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1. $\Gamma\mp$
$C$ Banach $E$ $C$ $C$ $T$ $C$
$C$ nonexpansive [ $x,$ $y\in C$
$||Tx-Ty||\leq||x-y||$
$C$ $C$ $T$ asymptotically nonexpansive with $\{k_{n}\}$
{ $x,$ $y\in C$
$||Tx-Ty||\leq k_{n}||x-y||$
$\mathrm{m}_{narrow\infty}$ $k_{n}\leq 1$ ([2] ) $\text{ }$ $F(T)$ $\{x\in C:x=Tx\}$
$C$ Hilbert $H$ $T$ $C$ $C$ nonexpansive
mapping $x$ $C$ Halpern [3] Reich [6] 1 iteration scheme.
$x_{0}\in C$, $x_{n+1}=\alpha_{n}x+(1-\alpha_{n})Tx_{n}$ , $n=0,1,2,$ $\ldots$ . (1)
$\{\alpha_{n}\}$ $\alpha_{n}\in[0,1]$ Wittmann [16] $\lim_{narrow\infty}\alpha_{n}=0$ ,
$\sum_{n=0}^{\infty}\alpha_{n}=\infty,$ $\sum_{n=0}^{\infty}|\alpha_{n+1}-\alpha_{n}|<\infty$ $F(T)\neq\emptyset$ (1)
$\{x_{n}\}$ $x$ $F(T)$ Shioji and
lhhashi[9] Wittmann[16] Banach
$C$ Hilbert $T$ $C$ $C$ asymptot-
ically nonexpansive mapping with $\{k_{n}\}$ $x$ $C$ Shimizu and Taka-
hashi [7] iteration scheme asymp-
totically nonexpansive mapping
$x_{0}\in C$, $x_{n}= \alpha_{n}x+(1-\alpha_{n})\frac{1}{n+1}\sum_{j=0}^{n}T^{j}x_{n}$ , $n\geq l_{0}$ . (2)
$\{\alpha_{n}\}$ $\alpha_{n}\in[0,1]$ $l_{0}$ Shioji
and Takahashi [10] Shimizu and Takahashi [7] Banach




Shioji and Takahashi[11] [10]
([8] ): $E$ Banach G\^ateaux $C$
$E$ $T$ $C$ $C$ asymptotically nonexpansive
mappi
$\sum_{n=0}^{\infty}\{$




$x_{0}\in C$, $x_{n+1}= \alpha_{n}x+(1-\alpha_{n})\frac{1}{n+1}\sum_{j=0}^{n}T^{j}x_{n}$ , $n=0,1,2,$ $\ldots$ (3)
$\{x_{n}\}$ $Px$ $P$ $C$
$F(T)$ sunny nonexpansive retraction
$[5, 11]$ $C$ $C$ iteration scheme
Banach asymptotically nonexpansive mapping
Shioji and Takahashi [11] one-
parametor asymptotically nonexpansive semigroup
{ (general) semigroup asymptotically nonexpansive mapping
[ iteration scheme Banach [ asymptotically nonexpansive
semigroup
2.
$E$ Banach $E^{*}$ $E$ $\langle y, x^{*}\rangle$




$a$ $\max\{a, 0\}$ $(a)_{+}$ $E$
$A$ $\mathrm{c}\mathrm{o}A,$ $\overline{\mathrm{c}\mathrm{o}}A$ $\mathrm{c}\mathrm{o}_{p}A$ $A$
$\{\sum_{i=0}^{p}a_{i}y_{i} : y_{i}\in A, a_{i}\geq 0, \sum_{i=0}^{p}a_{i}=1\}$
Banach $E$ $||x||=||y||=1,$ $x\neq y$ $x,$ $y\in E$
$||x+y||/2<1$ Banach $E$
$x,$ $y\in E,$ $\lambda\in(0,1)$ E $||x||=||y||=||(1-\lambda)x+\lambda y||$ $x=y$
$B_{r}=\{v\in E:||v||\leq r\}$ Banach $E$ $\epsilon>0$
$x,$ $y\in B_{1}$ $||x-y||\geq\epsilon$ $||x+y||/2\leq 1-\delta$ $\delta>0$
Banach
Banach $E$ G\^ateaux $x,$ $y\in S_{E}$
$\lim_{tarrow 0}\frac{||x+ty||-||x||}{t}$ (4)
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$S_{E}=\{v\in E:||v||=1\}$ $y\in S_{E}$
(4) $x\in S_{E}$ Banach $E$
G\^ateaux
$x\in E$
$J(x)=\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=||x||^{2}=||x^{*}||^{2}\}$




Banach $E$ \hslash 1‘‘-- G\^ateaux
$E$ $-C^{\backslash }\backslash$–
$C$ $E$ $K$ $E$ $P$
$C$ $K$ $Px+t(x-Px)\in C$ $x\in C$ $t\geq 0$
$P(Px+t(x-Px))=Px$ $P$ sunny
$x\in K$ $Px=x$ $P$ retraction
Banach $E$ G\^ateaux $C$ $K$ retraction
$P$ sunny nonexpansive
(x-Px, $J(y-Px)\rangle\leq 0$ , $x\in C$, $y\in K$.
$C$ $K$ sunny nonexpansive retraction
1 sunny nonexpansive retraction [10]
Proposition 21([10]). $E$ Banach lJ– G\^ateaux
$C$ $E$ $T$ $C$ $C$ asymptotically
nonexpansive mapping $F(T)$ $C$ $F(T)$
sunny nonexpansive retraction
3. ASYMPTOTICALLY NONEXPANSIVE MAPPING! E
$C$ Banach $E$ $T$ $C$ $C$ asymptotically
nonexpansive mapping with $\{k_{n}\}$ $F(T)$ $\{\alpha_{n}\}$ $\{\beta_{n}\}$ ? $0\leq\alpha_{n}\leq$




$y_{n}= \beta_{n}x_{n}+(1-\beta_{n})\frac{1}{n+1}\sum_{j=0}^{n}T^{j}x_{n}$ , $n\in \mathrm{N}$ .
(5)
$n\in \mathrm{N}$ $\beta_{n}=1$ $\{x_{n}\}$
(3) asymptotically nonexpansive mapping with
$\{k_{n}\}$ (5) $\{x_{n}\}$
-fi‘xnl $n\in \mathbb{N}$ $k_{n}\geq 1$
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asymptotically nonexpansive mapping with $\{k_{n}\}$ ( 35)
Lemma 3.1 ([1]). $C$ Banach $E$ $T$ $C$ $C$
asymptotically nonexpansive mapping with $\{k_{n}\}$ $F(T)$ $\{\alpha_{n}\}$
$\{\beta_{n}\}$ I $0\leq\alpha_{n}\leq 1,0\leq\beta_{n}\leq 1$
$\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)<\infty$
$1\mathrm{J}$ $M_{n}=( \frac{1}{n+1}\sum_{j=0}^{n}k_{j})(\beta_{n}+(1-\beta_{n})(\frac{1}{n+1}\sum_{j=0}^{n}k_{j}))$
$x$ $C$ $\{x_{n}\}$ $\{y_{n}\}$ (5)
$\{x_{n}\}$ $\{y_{n}\}$ $j$ $\{T^{j}x_{n}\}$ $\{T^{j}y_{n}\}$
Lemma 32 Lemma 331 Shioji and Takahashi[10] 1
Lemma 32([10]). $E$ k– Banach $1\text{ }$– G\^ateaux
$C$ $E$ $T$ $C$ $C$ asymptotically nonexpan-






$z_{n}=d_{n}x+(1-d_{n}) \frac{1}{n+1}\sum_{j=0}^{n}T^{j}z_{n}$ , $n\geq$
$m_{0}$ $\{z_{n}\}$
$Px$ $P$ ( $C$ $F(T)$ sunny nonexpansive retraction
Lemma 3.3 ([10]). $C$ Banach $T$ $C$






Lemma 34([1]). $E$ Banach G\^ateaux
$C$ $E$ $T$ $C$ $C$ asymptotically nonexpan-









$P$ ( $C$ $F(T)$ sunny nonexpansive retraction
32. .
3.1 asymptotically nonexpansive mapping
Shioji and Takahashi [11]
Theorem 35([1]). $E$ Banach #J-- G\^ateaux
$C$ $E$ $T$ $C$ $C$ asymptotically non-










$y_{n}= \beta_{n}x_{n}+(1-\beta_{n})\frac{1}{n+1}\sum_{j=0}^{n}T^{j}x_{n}$, $n\in \mathrm{N}$ .
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{x $Px$ $P$ $C$
$F(T)$ sunny nonexpansive retraction
Remark 36. $\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)<\infty$ $\sum_{n=0}^{\infty}((1-\alpha_{n})M_{n}^{2}-1)_{+}<\infty$
([1] )
$E,$ $C,$ $T,$ $\{k_{n}\}$ $x$ Theorem 35 $\{\alpha_{n}\}$ $\{\beta_{n}\}$ ( $0\leq\alpha_{n}\leq 1,0\leq$
$\beta_{n}\leq 1,$ $\lim_{narrow\infty}\alpha_{n}=0,$ $\sum_{n=0}^{\infty}\alpha_{n}=\infty$
$\sum_{n=0}^{\infty}((1-\alpha_{n})M_{n}^{2}-1)_{+}<\infty$




Theorem 35 ([1] )
Corollary 3.7. $E,$ $C,$ $T,$ $\{k_{n}\}$ $x$ Theorem 35 $\{\alpha_{n}\}$ $\{\beta_{n}\}$
$0\leq\alpha_{n}\leq 1,0\leq\beta_{n}\leq 1,$ $\lim_{narrow\infty}\alpha_{n}=0,$ $\sum_{n=0}^{\infty}\alpha_{n}=\infty$
$\sum_{n=0}^{\infty}(1-\alpha_{n})(\frac{1}{n+1}\sum_{j=0}^{n}k_{j}-1)<\infty$
$\{x_{n}\}$ (5) $\{x_{n}\}$ $Px$
$P$ Theorem 35 $C$ $F(T)$ sunny
nonexpansive retraction
$T$ nonexpansive $\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)=0$
Theorem 38([1]). $E$ Banach #f-- G\^ateaux
$C$ $E$ $T$ $C$ $C$ nonexpansive mapping
with $\{k_{n}\}$ $F(T)$ $\{\alpha_{n}\}$ $0\leq\alpha_{n}\leq 1,$ $\lim_{narrow\infty}\alpha_{n}=0$
$\sum_{n=0}^{\infty}\alpha_{n}=\infty$ $\{\beta_{n}\}$ $0\leq\beta_{n}\leq 1$ $x$ $C$
$\{x_{n}\}$ (5) $\{x_{n}\}$ $Px$
$P$ $C$ $F(T)$ sunny nonexpansive retraction
4. ONE-PARAMETOR ASYMPTOTICALLY NONEXPANSIVE SEMIGROUP [
one-parametor asymtotically nonexpansive semigroup
Banach $C$ $C$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$
(i),(ii),(iii) $S=\{T(s) : s\in \mathbb{R}^{+}\}$ ( $C$ one-parametor asymptotically
nonexpansive semigroup with $\{k_{s} : s\in \mathbb{R}^{+}\}$
(i) $s\mapsto k_{s}$ $\mathbb{R}^{+}$ $\mathbb{R}^{+}$ ;
(ii) $\varlimsup_{s\in \mathbb{R}\dagger}k_{s}\leq 1$ ;
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(iii) $T(s+t)=T(s)T(t)$ $t,$ $s\in \mathbb{R}^{+}$ ;
(iv) $||T(s)x-T(s)y||\leq k_{s}||x-y||$ $x,$ $y\in C$ $s\in \mathbb{R}^{+}$ ;
(v) $x\in C$ $s\mapsto T(s)x$ ;
(vi) $T(0)x=x$ $x\in C$
$s\in \mathbb{R}^{+}$ $k_{s}=1$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$
one-parametor nonexpansive semigroup -fl‘xn4
s\in R+( $k_{s}\geq 1$
35 [12] $\mathrm{f}\mathrm{l}_{\mathrm{x}}^{\backslash h}$
Theorem 4.1. $E$ Banach $\#\mathrm{J}$– G\^ateaux
$C$ $E$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$ one-parametor
asymtotically nonexpansive semigroup with $\{k_{s} : s\in \mathbb{R}^{+}\}$ $s\in R+F(T(s))$











yn=\beta n n+(l-\beta n) $\frac{l}{t_{n}}\int_{0}^{t_{n}}T(s)x_{n}ds$ , $n\in \mathrm{N}$ .
(6)
$\{x_{n}\}$ $Px$ $P$ $C$
$\bigcap_{\in \mathbb{R}^{+}},F(T(s))$ sunny nonexpansive retraction $\circ$
Remark 4.2. $\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)<\infty$ $\sum_{n=0}^{\infty}((1-\alpha_{n})M_{n}^{2}-1)_{+}<\infty$
([1] )
$E,$ $C,$ $S=\{T(s) : s\in \mathbb{R}^{+}\},$ $\{k_{s} : s\in \mathbb{R}^{+}\},$ $\{t_{n}\}$ $x$ Theorem 4.1
$\{\alpha_{n}\}$ $\{\beta_{n}\}$ ( $0\leq\alpha_{n}\leq 1,0\leq\beta_{n}\leq 1,$ $\lim_{narrow\infty}\alpha_{n}=0,$ $\sum_{n=0}^{\infty}\alpha_{n}=\infty$
$\sum_{n=0}^{\infty}((1-\alpha_{n})M_{n}^{2}-1)_{+}$
$M_{n}$ Theorem 4.1 $\{x_{n}\}$ (6)
$\{x_{n}\}$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$
$\{x_{n}\}$
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$S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$ one-parametor nonexpansive semigroup (
$\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)=0$
Theorem 43. $E$ Banach lJ– G\^ateaux
$C$ $E$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$ one-parametor
nonexpansive semigroup with $\{k_{s} : s\in \mathbb{R}^{+}\}$ ,$\in \mathbb{R}+F(T(s))$ 1
$\{\alpha_{n}\}$ $0\leq\alpha_{n}\leq 1,$ $\lim_{narrow\infty}\alpha_{n}=0$ $\sum_{n=0}^{\infty}\alpha_{n}=\infty$ $\{\beta_{n}\}$
$0\leq\beta_{n}\leq 1$ $x$ $C$ $\{t_{n}\}$ Theorem 4.1
$\{x_{n}\}$ (6) $\{x_{n}\}$ $Px$ $P$
( $C$ $\bigcap_{s\in \mathbb{R}}+F(T(s))$ sunny nonexpansive retraction
5. AYMPTOTICALLY NONEXPANSIVE sEMIGRouP&
3 (general) se group
asymptotically nonexpansive semigroup
[13]
$S$ (general) semigroup $C$ $C$ $S=\{T(s)$ : $s\in$
$S\}$ (i),(ii),(iii) $S=\{T(s) : s\in S\}$ $C$ asymptotically
nonexpansive semigroup with $\{k_{t} : t\in S\}$
(i) $k_{s}\geq 0$ $s\in S$ [ , $\sup k_{s}<\infty$ ;
(ii) $\inf_{s}\sup_{t}k_{st}\leq 1$ ;
(iii) $T(st)=T(s)T(t)$ $t,$ $s\in S$ { ;
(iv) $||T(s)x-T(s)y||\leq k_{s}||x-y||$ $x,$ $y\in C$ $s\in S$ [
[ $t\in S$ { $k_{t}=1$ $S=\{T(s) : s\in S\}$ { $C$ nonexpansive
semigroup $s\in S$ ( $k_{s}\geq 1$
$F(S)$ $T(s),$ $s\in S$ $F(S)=\cap F(T(s))$
$s\in S$
$B(S)$ $S$ Banach
supremum-norm $X$ $B(S)$ $\mu\in X^{*}$ $\mu(f)$
$\mu$ $f\in X$ $\mu(f)$ $\mu_{t}(f(t))$ $X$ 1
$X$
$\mu$ $||\mu||=\mu(1)=1$ $X$ mean
$C$ Banach $E$ $S=\{T(t) : t\in S\}$ $C$
nonexpansive semigroup $F(S)\neq\emptyset$ $x\in C$ {
$\{T(t)x:t\in S\}$ $X$ $B(S)$
$1\in X$ $s\in S$ $l_{s}$-invariant $x\in C$ $x^{*}\in E^{*}$
$\langle T(\cdot)x, x^{*}\rangle\in X$ $X$ mean $\mu$ $x\in C$
$\langle T_{\mu}x, y\rangle=\mu_{s}\langle T(s)x, y\rangle$ $y\in E^{*}$ $C$ $T_{\mu}x$ $\#\not\in $
([4, 14])
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$s\in S$ $f\in B(S)$ ( $l_{s}f\in B(S)$
$(l_{s}f)(t)=f(st)$ , $t\in S$
$l_{s}^{*}$ $l_{s}$ $s\in S$ $B(S)$ $X$
$l_{s}$-invariant $f\in X$ $l_{s}f\in X$
Theorem 35, Theorem 4.1 ( )
Theorem 5.1. $E$ k– Banach tf– G\^ateaux
$C$ $E$ $S$ semigroup $S=\{T.(s) : s\in S\}$
( $C$ asymptotically nonexpansive semigroup with $\{k_{t} : t\in S\}$ $F(S)$ $\mathrm{t}$
$X$ $B(S)$ $1\in X$ $s\in S$ $l_{s}$-invariant
$t\mapsto k_{t}$ $X$ $x\in C$ $x^{*}\in E^{*}$ $t\mapsto\langle T(t)x, x^{*}\rangle$
$X$ $\{\mu_{n}\}$ $X$ mean $s\in S$









$y_{n}=\beta_{n}x_{n}+(1-\beta_{n})T_{\mu_{n}}x_{n}$ $n\in \mathrm{N}$ .
(7)
$\{x_{n}\}$ $Px$ $P$ $C$
$F(S)$ sunny nonexpansive retraction
Remark 52. $\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)<\infty$ $\sum_{n=0}^{\infty}((1-\alpha_{n})M_{n}^{2}-1)_{+}<\infty$
([1] )
$E,$ $C,$ $S,$ $S=\{T(s) : s\in S\},$ $\{k_{s} : s\in S\}$ , $X,$ $\{\mu_{n}\}$ $x$ Theorem 5.1
$\{\alpha_{n}\}$ $0 \leq\alpha_{n}\leq 1\lim_{narrow\infty}\alpha_{n}=0\sum_{n=0}^{\infty}\alpha_{n}=\infty$ $\{\beta_{n}\}$
$0\leq\beta_{n}\leq 1$
$\sum_{n=0}^{\infty}((1-\alpha_{n})M_{n}^{2}-1)_{+}$
$M_{n}$ Theorem 5.1 $\{x_{n}\}$ (7)
$\{x_{n}\}$ $T$ $\{x_{n}\}$
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$S=\{T(s) : s\in S\}$ $C$ nonexpansive se group (
$\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)=0$
Theorem 5.3. $E$ \epsilon -- Banach G\^ateaux
$C$ $E$ $S$ semigroup $S=\{T(s) : s\in S\}$
$C$ nonexpansive semigroup $F(S)$ $X$ ( $B(S)$
$1\in X$ $s\in S$ $l_{s}$-in riant $t\mapsto k_{t}$ $X$
$x\in C$ $x^{*}\in E^{*}$ $t\mapsto\langle T(t)x, x^{*}\rangle$ $X$
$\{\mu_{n}\}$ $X$ mean $s\in S$ $\lim_{narrow\infty}||\mu_{n}-l_{s}^{*}\mu_{n}||=0$
[ $\{\alpha_{n}\}$ $0\leq\alpha_{n}\leq 1,$ $\lim_{narrow\infty}\alpha_{n}=0$ $\sum_{n=0}^{\infty}\alpha_{n}=\infty$
$\{\beta_{n}\}$ $0\leq\beta_{n}\leq 1$ $x$ $C$ $\{x_{n}\}$ (7)
$\{x_{n}\}$ $Px$ $P$ $C$




Theorem 6.1. $E$ k– Banach G\^ateaux
$C$ $E$ $T$ ( $C$ $C$ asymptotically nonexpansive
mapping with $\{k_{n}\}$ $F(T)$ $\{q_{n,m} : n, m\in \mathbb{N}\}$ $q_{n,m}\geq 0$
$n\in \mathrm{N}$ ( $\sum_{m=0}^{\infty}q_{n,m}=1$ [ $\lim_{n}\sum_{m=0}^{\infty}|q_{n,m+1}-q_{n,m}|=0$








$y_{n}= \beta_{n}x_{n}+(1-\beta_{n})\sum_{m=0}^{\infty}q_{n,m}T^{n}x_{n}$ , $n\in \mathrm{N}$ .
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$\{x_{n}\}$ $Px$ $P$ $C$
$F(T)$ sunny nonexpansive retraction
Theorem 62. $E$ Banach G\^ateaux
$C$ $E$ $T,$ $U$ { $C$ $C$ asymptotically nonexpansive
mapping with $\{k_{n}\}$ TU $=UT$ $F(T)\cap F(U)$ $\{\alpha_{n}\}$ $\{\beta_{n}\}$
( $\circ\leq\alpha_{n}\leq 1,0\leq\beta_{n}\leq 1$ ,
$\lim_{narrow\infty}\alpha_{n}=0,$ $\sum_{n=0}^{\infty}\alpha_{n}=\infty$
$\sum_{n=0}^{\infty}(1-\alpha_{n})(M_{n}-1)<\infty$







$\{x_{n}\}$ $Px$ $P$ $C$
$F(T)\cap F(U)$ sunny nonexpansive retraction
$\mathbb{R}^{+}\cross \mathbb{R}^{+}$ $\mathbb{R}$ $Q$
$) \sup_{s\in \mathrm{R}+}\int_{0}^{\infty}|Q(s, t)|dt<\infty$;
$) \lim_{sarrow\infty}\int_{0}^{\infty}Q(s, t)dt=1$ ;
$) \lim[^{\infty}|Q(s, t+h)-Q(s, t)|dt=0,$ $h\in \mathbb{R}^{+}$ .$\lim/$ $|Q(s, t+h)-Q(s, t)|dt$
$Q$ strongly regular kernel 4
Theorem 63. $E$ k– Banach G\^ateaux
$C$ $E$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$ one-parametor
asymptotically nonexpansive se group with $\{k_{t} : t\in \mathbb{R}^{+}\}$ $t\in R\dagger F(T(t))$
$Q=\mathbb{R}^{+}\cross \mathbb{R}^{+}arrow \mathbb{R}$ strongly regular kernel $\{\alpha_{n}\}$ $\{\beta_{n}\}$ $0\leq$





$\{s_{n}\}$ $s_{n}arrow\infty$ $x$ $C$ $\{x_{n}\}$
$\{$
$x_{0}\in C$
$x_{n+1}= \alpha_{n}x+(1-\alpha_{n})\int_{0}^{\infty}Q(s_{n}, t)T(t)y_{n}dt$ ,
$y_{n}= \beta_{n}x_{n}+(1-\beta_{n})\int_{0}^{\infty}Q$ ( $s_{n}$ , t)T(t)xnd $n\in \mathbb{N}$ .
$\{x_{n}\}$ $Px$ $P$ $C$
$\bigcap_{s\in \mathrm{R}^{+}}F(T(s))$ sunny nonexpansive retraction
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